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We present the relation between the sphaleron energy and the gravitational wave signals from
a first order electroweak phase transition. The crucial ingredient is the scaling law between the
sphaleron energy at the temperature of the phase transition and that at zero temperature. We
estimate the baryon number preservation criterion, and observe that for a sufficiently strong phase
transition, it is possible to probe the electroweak sphaleron using measurements of future space-
based gravitational wave detectors.
I. INTRODUCTION
The observation of gravitational wave signals from
the Binary Black hole merger by LIGO [1] and the ap-
proval of the space-based interferometer LISA by the
European Space Agency [2] have raised increasing inter-
est on the study of gravitational waves from the Elec-
troweak phase transition (EWPT) in the early Uni-
verse. To account for the baryon asymmetry of the
Universe (BAU), the mechanism of electroweak baryo-
genesis (EWBG) requires a strongly first order elec-
troweak phase transition (SFOEWPT). The SFOEWPT
provides a non-equilibrium environment for baryon num-
ber generation [3](see [4, 5] for recent reviews on EWBG
and cosmic phase transitions), fulfilling one of the three
Sakharov conditions [6]. The (B+L)-violating sphaleron
process associated with the change of Chern-Simons
numbers [7, 8] should be suppressed to avoid the washout
of the baryon asymmetry inside the electroweak bubbles
(electroweak broken phase) after the EWPT [3]. Partic-
ularly, the sphaleron rate in the broken phase is propor-
tional to a Boltzmann factor Γ ∝ exp [−Esph(T )/T ] [3,
9], with here Esph(T ) representing the sphaleron en-
ergy (energy barrier) of the saddle-point configuration
of the electroweak theory [8]. The requirement that the
sphaleron process needs to be sufficiently quenched con-
strains the possible patterns of EWPT and thus the gen-
erated gravitational waves since Esph(T ) is highly corre-
lated with the Higgs VEV at finite temperature as will be
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explored in the following. We therefore propose to probe
the sphaleron process at the finite temperature through
the measurement of the gravitational wave signals.
We start by studying the relation between the
sphaleron energy and the strength of the EWPT. Requir-
ing the sphaleron rate in the broken phase to be lower
than the Hubble expansion rate results in the baryon
number preservation criterion (BNPC) [10]1,
Esph(T )
T
> (35.9− 42.8) + 7 ln v(T )
T
− ln T
100 GeV
,
(1)
where the numerical range comes from the uncertainty
associated with the determination of the fluctuation de-
terminant κ = (10−4 − 10−1) as adopted by Dine et. al.
[12] and is comparable to the uncertainty in the numer-
ical lattice simulation of the sphalerons at the Standard
Model electroweak (EW) crossover [11]. In this work, we
calculate Esph(T ) directly and test the BNPC by exam-
ining the quantity
PTsph =
Esph(T )
T
− 7 ln v(T )
T
+ ln
T
100 GeV
, (2)
at the temperature of the EWPT, which is crucial for
guaranteeing a successful baryon asymmetry generation.
We use the Standard Effective field theory (SMEFT)
and the extensively studied singlet extended Standard
Model (“xSM”) as two concrete examples and find that
the BNPC condition can set a more rigorous bound on
the new physics scale than the conventionally adopted
1 Here, we note that the exact settling down of this relation re-
quires lattice simulation of the sphaleron rate. See Ref. [11] for
a recent study in the SM.
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2SFOEWPT condition [13]: v(T )T & 1. We then check the
scaling law, which states that the sphaleron energy at
the temperature of phase transition (Esph(T )) and that
at the zero temperature (Esph) obeys an approximate
scaling relation [14, 15]:
Esph(T ) ≈ Esph v(T )
v
, (3)
where v(T ) and v are the VEVs at the time of the phase
transition and at zero temperature respectively. Our
analysis shows that the scaling law can be established
when the strength of the phase transition increases to
PTsph ∼ O(102), where the SFOEWPT points also meet
the BNPC condition. In this scenario, one usually has a
smaller β/Hn accompanied with a larger α, and therefore
a higher magnitude of the gravitational wave spectra, as
shown in Section II B, which allows us to build a connec-
tion between the sphaleron energy and the gravitational
wave spectra measurements.
II. EWPT, GRAVITATIONAL WAVES AND
SPHALERONS
A. The models
It is well known that the SM can not accommodate a
first order EWPT and this has motivated a plethora of
beyond the standard model scenarios with an extended
Higgs sector. From an effective field theory point of
view, a first order EWPT can be realized by inclusion
of higher dimensional operators, irrespective of a spe-
cific scenario. Among the dimension-six operators of the
SMEFT, the operator O6 dominates the contribution to
the Higgs potential. Defining the SM Higgs doublet as
HT = (G+, (v+h+iG0)/
√
2), we then have the following
scalar potential:
V (H) = −m2(H†H) + λ (H†H)2 + (H
†H)3
Λ2
. (4)
The presence of the last term allows the electroweak
phase transition to be first order [16, 17], since taking
µ2 > 0 and λ < 0 leads to a potential with a barrier be-
tween two minima. The minimization condition and the
Higgs mass definition lead to the relation
m2 =
1
2
m2h −
3
4
v4
Λ2
, λ =
m2h
2v2
− 3
2
v2
Λ2
. (5)
To study the EWPT, we need the finite temperature ef-
fective potential, which is given by2
VT (h, T ) = V (h) +
1
2
chTh
2 , (6)
where chT = (4y
2
t + 3g
2 + g′2 + 8λ)T 2/16. The require-
ment of the EW minimum being the global one results
in the condition Λ ≥ v2/mh, and the EWPT can be
first order when the potential barrier can be raised with
Λ <
√
3v2/mh [16, 27].
Going beyond the framework of the SMEFT, a simpli-
fied benchmark model is the gauge singlet extension of
the SM, known as the“xSM”, with the potential defined
by [22, 23, 25],
V (H,S) = −m2H†H + λ(H†H)2 + a12 H†HS
+ a22 H
†HS2 + b22 S
2 + b33 S
3 + b44 S
4 ,
where S = vs + s is the real scalar gauge singlet. The
finite temperature potential is [28]:
V [h, s, T ] = −1
2
[m2 −Πh[T ]]h2 − 1
2
[−b2 −Πs[T ]]s2
+
1
4
λh4 +
1
4
a1h
2s+
1
4
a2h
2s2 +
b3
3
s3 +
b4
4
s4, (7)
where Πh(T ) and Πs are the thermal masses of the fields,
Πh[T ] =
(
2m2W +m
2
Z + 2m
2
t
4v2
+
λ
2
+
a2
24
)
T 2,
Πs[T ] =
(
a2
6
+
b4
4
)
T 2 . (8)
The scalar cubic terms in Eq. 7 dominate the phase
transition dynamics and can accommodate a first or-
der EWPT after theoretical and experimental bounds on
model parameters are taken into account. Moreover, in
this work, we focus on the one-step EWPT with the EW
vacuum denoted by (≡ (v, vs)), though two-step EWPT
can also exist, which however is of negligible parameter
space here [28].
2 In the standard approach, one includes the tree level effective
potential, the Coleman-Weinberg term [18] and its finite tem-
perature counterpart [13], together with the daisy resumma-
tion [19, 20]. For the EWPT mainly driven by the cubic terms in
the potential, and with a purpose of maintaining a gauge inde-
pendent effective potential [21], we use the gauge invariant high
temperature expansion approximation [22–26].
3B. Gravitational Waves
With the finite temperature effective potential given
above, the Higgs VEV at finite temperature (v(T )) can
be obtained. Here and in the following sections we de-
fine the temperature of the EWPT as T? ≈ Tn 3, with
Tn being the bubble nucleation temperature. The phase
transition order parameter vn/Tn (the phase transition
strength at the bubble nucleation temperature) and the
two crucial parameters for the GW spectrum from the
EWPT are calculated using CosmoTransitions [30].
The first parameter crucial for the GW spectrum is the
ratio of released latent heat from the transition to the
total radiation energy density [29]
α =
1
ρR
[
−(VEW − Vf ) + T
(
dVEW
dT
− dVf
dT
)]∣∣∣∣
T=T∗
,
(9)
where Vf is the value of the potential at the metastable
vacuum and VEW is that in the EW vacuum. Another
parameter β/Hn serves as a time scale for the EWPT:
β
Hn
=
[
T
d
dT
(
S3(T )
T
)]∣∣∣∣
T=T∗
, (10)
where Hn is the Hubble rate at Tn and S3(T ) the action
for the O(3) symmetric bounce action.
The dominant sources for GW production during the
EWPT are the sound waves in the plasma [31, 32] and
the magnetohydrodynamic turbulence (MHD) [31, 32]4.
To a good approximation, the total energy density of the
gravitational waves in unit of the critical energy density
of the universe is given by [29]
ΩGW(f)h
2 ≈ Ωsw(f)h2 + Ωturb(f)h2. (11)
Due to its stochastic nature, this kind of gravitational
waves can be searched for by cross-correlating outputs
from two or more detectors, with the resulting signal-to-
noise ratio(SNR) obtained as [29]
SNR =
√
T
∫
df
[
h2ΩGW(f)
h2Ωexp(f)
]2
, (12)
3 The approximation is justified for a EWPT without significant
reheating [29]
4 We neglect here the contribution from the bubble wall colli-
sions [33–38], as it is now generally believed to be negligible [39].
where T is the duration of the data in years and Ωexp
the power spectral density of the detector.
As shown in Appendix. A, the ΩGW(f)h
2 is propor-
tional to β/Hn, which has generally small values and is
accompanied with a relatively large α for a strong phase
transitions (a higher value of vn/Tn) [28, 40]. Gener-
ally, one has α growing as ∆V ≡ (VEW − Vf ) and β/Hn
scaling as 1/
√
∆V for a given finite temperature poten-
tial [41]. This makes it possible to connect the sphaleron
energy with the GW measurements since Esph(Tn) is pro-
portional to vn/Tn, and a large vn/Tn corresponds to a
highly suppressed sphaleron rate inside the EW vacuum
bubble as will be explored bellow.
C. The Electroweak Sphaleron
The electroweak sphaleron is a static but unstable so-
lution to the classical equations of motion of the EW the-
ory, which corresponds to a saddle-point configuration in
the field space and sits at the top of the potential barrier
between two topologically distinct vacua with adjacent
values of the Chern-Simons number [7, 8]. To calculate
the energy of the sphaleron configuration, we adopt the
spherically symmetric antasz since the U(1)Y contribu-
tion is sufficiently small [8, 42–44]. In the xSM, it follows
that
Esph(T ) =
4piΩ[T ]
g
∫ ∞
0
dξ
[
4
(
df
dξ
)2
+
8
ξ2
f2
(
1− f)2 + ξ2v[T ]2
2Ω[T ]2
(
dh
dξ
)2
+
v[T ]2
Ω[T ]2
(
1− f)2h2 + ξ2vs[T ]2
2Ω[T ]2
(
dk
dξ
)2
+
ξ2
g2Ω[T ]4
(Veff [h, k, T ])
]
, (13)
where h, f, k are field configurations defined in Ap-
pendix B, ξ = g2Ω[T ]r, and Veff [h, k, T ] = V [h, k, T ] −
∆[T ], with ∆[T ] being the cosmological constant en-
ergy density which can be regarded as the minimal value
of the potential at temperature T [45]. Here 4piv[T ]/g
has the unit of energy and the integral gives a di-
mensionless number; Ω[T ] can take any non-vanishing
value of mass dimension one (for example v[T ], vS [T ]
4or
√
v[T ]2 + vS [T ]2); v[T ], vS [T ] are the VEVs of h, s at
temperature T and v[T ] = v, vS [T ] = vS at T = 0. When
the singlet part is absent, the above Esph(T ) reduces to
the form of the SMEFT case, with the potential:
Veff [h, T ] = VT (h, T )− VT (v(T ), T ) . (14)
For more details on the field configurations and on the
sphaleron solutions, see Appendix. B. The sphaleron en-
ergy at the bubble nucleation temperature Tn(Esph(Tn))
can be obtained after the parameters v(Tn), vs(Tn) and
Tn have been calculated through the EWPT analysis.
III. RESULTS
Figure 1. In the top panels, we plot PTsph versus Tn(left),
and Esph(Tn)/Esph versus vn/v(right) when varying Λ for the
case of the SMEFT. The bottom panels show β/Hn versus α
by color-coding Esph(Tn)/Tn(left), and the relation between
the sphaleron energy Esph(Tn) and the SNR of the GW spec-
tra(right).
In the top panel of Fig. 1, we first present the rela-
tion between the BNPC and the new physics scale, where
the horizontal shaded region represents the uncertainty
of κ in the sphaleron rate, i.e. the range [35.9, 42.8] in
Eq.1 (this corresponds to 749 < Λ < 768 GeV). When
PTsph is above this region, the BNPC is satisfied, while
vn/Tn ≥ 1 is obtained when Λ < 790 GeV. The top-right
panel demonstrates the scaling law, where the deviation
from the scaling law becomes smaller when the phase
transition strength becomes larger obtained with a lower
new physics scale Λ. We further present the relation
between Esph(Tn)/Tn and the gravitational wave param-
eters α and β/Hn in the bottom left panel. This demon-
strates that a larger α (with a larger phase transition
strength vn/Tn) and a smaller β/Hn generally lead to a
larger Esph(Tn)/Tn, for which the sphaleron rate is highly
suppressed and washout of the baryon asymmetry can be
avoided. This correlation among these parameters is an-
ticipated, as a larger vn can generally be obtained with
a more significant supercooling. The relation between
the sphaleron energy and the SNR of the corresponding
gravitational wave spectra from the EWPT is shown in
the bottom-right plot, which indicates that the sphaleron
can be probed by the gravitational wave detector (with a
larger SNR) when Λ is lower. The Esph(Tn)/Tn obtained
for all EWPT points are smaller than the SM sphaleron
energy at zero temperature.
Figure 2. As in Fig. 1, we show similar plots with vn/Tn > 1
and SNR>10, where vs is the VEV of the singlet at zero
temperature.
Now we move to another scenario, where the new
5physics that is necessary for a first order EWPT can-
not be integrated out. We illustrate the situation with
the xSM (see Ref.[27, 46] for the mismatch between the
SMEFT and xSM model), and show in Fig.2 the points
with SNR>10. The top-left panel of Fig.2 shows that a
lower vs generally leads to a lower Tn and a larger PTsph.
The top-right panel shows that the scaling law is bet-
ter satisfied for small vs. We then examine the relation
between Esph(Tn)/Tn and (α, β/Hn) in the bottom-left
panel, which indicates a similar behavior as the SMEFT
case. The bottom-right panel shows that the sphaleron
energy is concentrated at around 1.9 (in unit of 4piv/g)
for small vs, where the GW signal can be probed by
LISA [29]. In the SNR calculation for the SFOEWPT
points, we include the deficit found in the GW produc-
tion from the sound waves [47] 5. The Esph(Tn)/Tn for
most SFOEWPT points are found to be smaller than the
SM sphaleron energy at zero temperature.
Figure 3. We show the SNR of the GW spectra versus the
Esph/Tn by color-coding vn/Tn for SMEFT (left panel) and
xSM (right panel).
We finally present Fig. 3, which shows that a EWPT
which is strong enough to produce an observable grav-
itational wave signal can effectively “switch off” the
sphaleron rate after the transition as required by the
5 Note that the results of a recent numerical simulation by the
same group shows that for strong EWPT (i.e., those with α ∼ 1),
there is a significant deficit in the GW production from the sound
waves [47]. This invalidates the naive generalization of the GW
formulae to arbitrary values of (vw, α). For the xSM, this leads
to a shrinking of the parameter space that gives detectable GWs
while the main features of the resulting parameter space remains
qualitatively unchanged(see [48] for a detailed study). For the
SMEFT, however, it leads to a more severe reduction of the
parameter space, making it difficult to generate detectable GWs.
EWBG.
IV. CONCLUSIONS AND DISCUSSION
We have calculated the energy of the electroweak
sphaleron during the EWPT and revealed the relation
between the BNPC and the new physics scale using the
SMEFT and xSM as two concrete examples. The scal-
ing law can be established approximately when there is a
higher phase transition strength associated with a lower
new physics scale. In this scenario, it is possible to use
the GW detectors to access the sphaleron energy, thus
providing an alternative way of probing the sphaleron
in addition to the high energy colliders6. Different from
other sources of the gravitational waves such as cosmic
strings, domain walls, and primordial black hole, the
GWs from SFOEWPT can also be tested through future
colliders, since the SFOEWPT usually is accompanied
by a deviation of the triple and quartic Higgs couplings
in the Higgs potential 7. Thus the relation between the
sphaleron energy and the phase transition strength stud-
ied here makes it possible to probe the sphaleron through
both gravitational wave and collider measurements, in a
complementary role.
At last, we note that our findings in this work rely only
mildly on the numerical uncertainty in Eq. 1. Settling
down the numerical range for a specific particle physics
model would require a lattice simulation of the sphaleron
rate [60]8.
6 Probing the (B+L)-violation process is of crucial importance to
test the Sakharov conditions and the EWBG mechanism. Previ-
ously, the conventional wisdom is that the (B+L)-violating pro-
cess at zero temperature is difficult to probe at current and near
future high energy colliders as the sphaleron induced (B+L)-
violating process is highly rare [9, 49–52]. Very recently, the
Bloch wave approach was proposed such that there is a chance
to observe a (B+L)-violating event at the Large Hadron Collider
(LHC) [53–57].
7 The sensitivities of future colliders in the SFOEWPT parame-
ter space (where one can have gravitational wave signal) can be
accessed with the measurements of the two couplings (λhhh and
λhhhh) at future e
+e− colliders and the HL-LHC [58, 59].
8 The starting point of the lattice simulation of the sphaleron
rate and EWPT is the dimensional reduction. For the SMEFT
theory with dimensional six operators, the 3d EFT obtained af-
ter dimensional reduction is not super-renormalizable, and the
lattice-continuum relations receive corrections at all orders in
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Appendix A: The GW Energy Density Spectra
It is realized in recent years that the long lasting sound
waves in the plasma during and after the phase transition
constitutes the dominant GW source [31, 32]. The energy
density spectrum from this source is obtained by large
scale numerical simulations, based on the scalar field and
fluid model, for weak phase transitions corresponding to
small values of vw and α. It is well fitted by [32]
Ωswh
2 = 2.65× 10−6
(
H∗
β
)(
κvα
1 + α
)2
(
100
g∗
)1/3
vw
(
f
fsw
)3(
7
4 + 3(f/fsw)2
)7/2
, (A1)
where H∗ is the Hubble rate at T∗ when the phase tran-
sition finished, which is only slightly different from Tn;
vw is the bubble wall velocity and is chosen so that a
non-relativistic relative velocity in the bubble wall frame
can be obtained to make sure the slower baryon genera-
tion process is feasible [28, 48, 66]; g∗ is the relativistic
degrees of freedom. The factor κv denotes the fraction
of released energy density that is transferred into the ki-
netic energy of the plasma, which can be calculated given
inputs of vw and α from a hydrodynamic analysis [67].
Moreover fsw is the peak frequency:
fsw = 1.9× 10−5 1
vw
(
β
H∗
)(
T∗
100GeV
)( g∗
100
)1/6
Hz.
(A2)
perturbation theory. To study the system at small lattice spac-
ings, the difficulty is the determination of the non-perturbative
relation between physical inputs and quantities measured on the
lattice [61–65]).
We note that the above formulae is limited to relatively
small values of vw and α. Recent numerical simulations
exploring larger values of α shows a deficit in the GW
production [47](see [48] for a more detailed discussion on
the implications of this effect).
There is also a small fraction of energy going to the
MHD, with a result that can be fitted by [68, 69]
Ωturbh
2 = 3.35× 10−4
(
H∗
β
)(
κturbα
1 + α
)3/2
(
100
g∗
)1/3
vw
(f/fturb)
3
[1 + (f/fturb)]11/3(1 + 8pif/h∗)
, (A3)
where κturb is the fraction of the energy transferred to the
MHD turbulence and is approximately given by κturb ≈
(0.05 ∼ 0.1)κv. We take here  ≈ 0.1. Finally fturb is the
peak frequency this spectrum:
fturb = 2.7× 10−5 1
vw
(
β
H∗
)(
T∗
100GeV
)( g∗
100
)1/6
Hz.
(A4)
Appendix B: Sphaleron configurations
For the xSM model, we consider the following
sphaleron field ansatz [70]:
Ai(µ, r, θ, φ) = − i
g
f(r)∂iU(µ, θ, φ)U
−1(µ, θ, φ), (B1)
H(µ, r, θ, φ) =
v(T )√
2
[
(1− h(r))
(
0
e−iµ cosµ
)
+ h(r)U(µ, θ, φ)
(
0
1
)]
, (B2)
S(µ, r, θ, φ) = vS(T )k(r), (B3)
where Ai are SU(2) gauge fields, and the matrix U is
defined as
U(µ, θ, φ) =(
eiµ(cµ − isµcθ) eiφsµsθ
−e−iφsµsθ e−iµ(cµ + isµcθ)
)
, (B4)
where the sµ(θ) = sinµ(θ) and cµ(θ) = cosµ(θ). The
sphaleron energy is obtained for µ = pi/2 [8]. From
7Figure 4. Left: Esph(Tn) versus T for the SMEFT, SNR= 175(0.002) and vn/Tn = 4.8(2.6) for Λ = 590(650) GeV;Right: xSM
scenario for vs = 33.82(48.10) GeV, with vn/Tn = 8.3(5.1) and SNR = 98(11).
Eq. (13), the equations of motion can be found:
d2f
dξ2
=
2
ξ2
f(1− f)(1− 2f)− v[T ]
2h2
4Ω[T ]2
(1− f), (B5)
d
dξ
(
ξ2
dh
dξ
)
= 2h(1− f)2 + ξ
2
g2
1
v[T ]2Ω[T ]2
∂Veff(h, k, T )
∂h
,
(B6)
d
dξ
(
ξ2
dk
dξ
)
=
ξ2
g2
1
vS [T ]2Ω[T ]2
∂Veff(h, k, T )
∂k
. (B7)
The sphaleron solutions can be obtained with the follow-
ing boundary conditions,
lim
ξ→0
f(ξ) = 0, lim
ξ→0
h(ξ) = 0, lim
ξ→0
k′(ξ) = 0,
lim
ξ→∞
f(ξ) = 1, lim
ξ→∞
h(ξ) = 1, lim
ξ→∞
k(ξ) = 1. (B8)
For the SMEFT, the sphaleron solutions can be ob-
tained from:
d2f
dξ2
=
2
ξ2
f(1− f)(1− 2f)− 1
4
h2(1− f),
d
dξ
(
ξ2
dh
dξ
)
= 2h(1− f)2 + ξ
2
g2
1
v[T ]4
∂Veff(h, T )
∂h
, (B9)
with boundary conditions given by,
lim
ξ→0
f(ξ) = 0, lim
ξ→0
h(ξ) = 0,
lim
ξ→∞
f(ξ) = 1, lim
ξ→∞
h(ξ) = 1 . (B10)
We implement the relaxation method as documented in
Numerical Recipes [71] to solve the above ordinary dif-
ferential equations numerically.
Here we present Fig. 4 to illustrate that the sphaleron
energy at the temperature of the phase transition ap-
proaches the corresponding value at the zero tempera-
ture when one has a lower Λ for SMEFT (or vs in xSM
scenario), accompanied with a higher value of the phase
transition strength and a larger SNR of the GW spec-
tra. The value Esph(T ) grows as the temperature of the
universe decreases, and thus we have a increasingly sup-
pressed sphaleron rate inside the electroweak bubbles af-
ter the EWPT.
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